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Abstract
We study fluctuations and finite size corrections for the ferromagnetic thermodynamic limit in the Bethe ansatz for the
Heisenberg XXX1/2 spin chain, which is the AdS/CFT dual of semiclassical spinning strings. For this system we derive the
standard quantum mechanical formula which expresses the energy shift as a sum over fluctuation energies. As an example we
apply our results to the simplest, one-cut solution of this system and derive its spectrum of fluctuations.
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Open access under CC BY license.The problem of finding planar anomalous dimen-
sions of local operators in large-N maximally super-
symmetric gauge theory is simplified drastically by its
apparent integrability [1,2] (see [3] for a review). Us-
ing suitable Bethe ansätze has drastically simplified
the comparison to plane wave strings [4] (see [5] for a
review) and classical spinning strings [6,7] (see [8–11]
for reviews) in the context of the AdS/CFT conjecture.
One interesting problem in this context is the first or-
der correction to classical spinning string energies. In
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Open access under CC BY license.string theory, this is a one-loop quantum correction in
the string sigma model. In gauge theory it corresponds
to finite-size effects in a thermodynamic limit of long
local operators. At this order, there are two types of
effects that can be considered: the spectrum of fluctu-
ation energies around some classical solution has been
investigated in [12–14]. The other effect is the energy
shift of the classical solution, cf. [12,15–20]. In fact, in
string theory these two effects are related by the gen-
eral quantum mechanical formula for the first-order
energy shift
(1)δE = 1
2
∑
k
ek.
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belled by k around some classical state and δE is the
one-loop energy shift of the same state. Conversely, in
gauge theory, the computations of ek and δE in [13,
14] and [19,20] are not related in an obvious way. The
purpose of this Letter is to derive a formula similar to
(1) in gauge theory. This might facilitate the computa-
tion of δE or, for the sake of comparison, even make it
obsolete. Here we focus on the case of the su(2) sec-
tor of two charged scalar fields which is dual to the
Heisenberg XXX1/2 quantum spin chain [1].
The Bethe equation for the Heisenberg XXX1/2
spin chain in logarithmic form reads
(2)
2πnk = −i
K∑
j=1
j =k
log
uk − uj + i
uk − uj − i − iL log
uk − i2
uk + i2
.
In addition to the Bethe equation, gauge theory states
must obey the cyclicity constraint
(3)2πm = −i
K∑
k=1
log
uk + i2
uk − i2
.
The energy and anomalous dimension is given by the
formula
(4)E =
K∑
k=1
1
u2k + 14
, D = L + λE
8π2
+ · · · .
Here we consider the (ferromagnetic low-energy)
thermodynamic limit L → ∞. In this limit the Bethe
roots scale as u ∼ L and condense on curves Ca in
the complex plane with density ρ(u) ∼ 1 [13,21]. The
expansion of the Bethe equation at O(1/L) reads [19,
20]
2πna = −
∫
C
2du′ ρ(u′)
u − u′ −
L
u
+
+∞∑
k=−∞
ρ′(u)
ρ(u) + ik
+ · · ·
= −
∫
C
2du′ ρ(u′)
u − u′ −
L
u
+ πρ′(u) coth(πρ(u))
(5)+ · · · , for u ∈ Ca.
Note that the first two terms represent the long-range
(u − u ∼ L) contributions from (2). The latter termk jis a short-range (uk − uj ∼ 1) contribution and it can
be considered as an anomaly.1
In this form the derivation of concrete O(1/L) en-
ergy shifts appears somewhat tedious. For example,
the equation makes explicit reference to the shape of
the contours Ca which is determined by the condition
that the density duρ(u) is real and positive. When the
curve extends into the complex plane, it does not have
a simple shape.2 To avoid the problem of an unknown
curve, it is convenient to introduce a (leading-order)
quasi-momentum p0(u) [23]
(6)p0(u) =
∫
C
du′ ρ(u′)
u′ − u +
L
2u
.
The Bethe equation is then interpreted as an integrality
condition on cycles of the curve dp, independent on
the choice of branch cuts in p. Sticking to the above
form, the Bethe equation now reads
0 = p/0(u) + πna − 12πρ
′(u) coth
(
πρ(u)
)
(7)+ · · · , for u ∈ Ca,
where p/(u) = 12p(u + i) + 12p(u − i) is the princi-
pal value of p(u). This equation still makes reference
to the density ρ(u). We can eliminate it as the discon-
tinuity of p0 across Ca in (6)
ρ(u) = (p0(u + i) − p0(u − i))/2πi
= (p0(u + i) − p0(u − i) ± 2p/0(u) ± 2πna
+ · · ·)/2πi
(8)= ∓ip0(u ± i)/π ∓ ina + · · · .
In the second–third lines we have substituted the Bethe
equation (7) and dropped subleading terms. We substi-
tute back into (7) and find
2πna = −2p/0(u) + p′0(u ± i) cot
(
p0(u ± i)
)
(9)+ · · · , for u ∈ Ca.
Interestingly, the reference to the mode number na has
dropped out and the sign ambiguity merely tells us to
evaluate the second term slightly away from u on ei-
ther side of the curve Ca . We can therefore introduce
1 We are grateful to V. Kazakov for discussions on this point; see
also [22].
2 In practice one analytically continues some parameter such that
the curve flips onto the real axis.
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(10)p(u) = p0(u) − 12p
′
0(u) cot
(
p0(u)
)+ · · · ,
which obeys p/(u) = −πna for u ∈ Ca .
The extra term is now expressed through p0(u) and
therefore has an analytic continuation almost every-
where in the complex plane. We can alternatively rep-
resent such a function through its singularities which
we shall now investigate. The cotangent has poles at
πZ, let us therefore denote the solutions to p0(uk) =
−πk by uk . The residue at uk is − 12 . Furthermore,
we should consider the branch points u±a of p0(u),
i.e., the pair of endpoints of the contours Ca . At these
points we have p0(u) = −πna +∗
√
u − u±a + · · · and
therefore p0(u±a ) = −πna is satisfied as well. Due
to the square root the residues are − 14 . These are all
the singularities, only the constant part remains to be
fixed. At u = ∞ we have p0(u) ∼ 1/u and therefore
also the extra term vanishes. Assembling this informa-
tion we obtain the relation
p(u) = p0(u) +
∑
k /∈{na}
(
1/2
uk − u +
1/2
u
)
(11)+
∑
a,±
(
1/4
u±a − u
+ 1/4
u
)
+ · · · .
Note that the first term can also be interpreted as the
contribution from all the unoccupied cuts with mode
number k /∈ {na}. As their length is zero, the would-be
branch points degenerate u+k = u−k = uk and each of
the poles at u±k contributes half the residue of uk .
We can now relate this expression to the spectrum
of fluctuations. A fluctuation is obtained by adding a
single Bethe root to the original distribution of roots
[13]. This leads to a energy shift of order 1/L2.
There are two principal contributions: firstly, the new
root contributes directly to the energy. Excitingly, the
above uk is precisely the leading-order position of an
additional Bethe root with mode number k. Secondly,
the new potential due to the new root distorts the orig-
inal distribution of roots. This is described by a de-
formed quasi-momentum
(12)p(u) = p0(u) + 1
uk − u + · · · .
So this is very suggestive for the applicability of the
quantum mechanical formula (1). There are however afew modifications we have to take into account. Most
importantly, we do not consider the direct contribution
to the energy. Furthermore, we add a pole at u = 0
for each mode. As uk ∼ 1/k for k → ∞ this can be
interpreted as subtracting the contribution for k = ∞.
The accurate formula for the energy shift is therefore
δE = 1
2
+∞∑
k=−∞
(e˜k − e˜∞),
(13)e˜k = ek − 12(u+k )2
− 1
2(u−k )2
.
The additional terms can be understood as a regular-
isation of (1): for large mode numbers k, the fluctua-
tion energy asymptotes as ek = k2 + ak + b + c/k +
O(1/k2). Clearly (1) diverges in this case. However,
the Bethe root asymptotes as u±k = 1/k + O(1/k2)
and precisely cancels the leading k2 + ak in e˜k =
b˜+ c˜/k +O(1/k2). Furthermore e˜∞ = b˜, so the sum-
mand is O(1/k). Finally, we need to recall that the
sum in (5) implies symmetric boundaries; the sum
therefore converges.
As an example we consider adding fluctuations to
the one-cut solution discussed in [15,19,23]. The mode
number of the cut is n which we assume to be posi-
tive without loss of generality. Keeping the first order
terms in the 1/L expansion the Bethe equation for the
one-cut solution in the thermodynamic limit is
(14)1
q
+ 2πn + 2 −
∫
C0
dq ′ ρ0(q ′)
q ′ − q = 0,
here we have introduced the rescaled roots u = Lq .
The resolvent is then
G0(q) =
∫
C0
dq ′ ρ0(q ′)
q ′ − q
= 1
2q
(
−1 − 2πnq
(15)+
√
(1 + 2πnq)2 − 8πnαq
)
,
where α = K/L. The cut C0 is on the left side of the
complex plane, vertical and curved away from the ori-
gin, see Fig. 1. The energy (and anomalous dimension)
of this solution is
E = 4π
2n2α(1 − α)
,0
L
346 N. Beisert, L. Freyhult / Physics Letters B 622 (2005) 343–348Fig. 1. The one-cut solution C, ρ with n = 6 for some fixed value of α = K/L and the distribution of fluctuation roots µ±
k
. The mode number
of µ+
k
is 6 + k for k > kc = 4 for all other µ+k ,µ−k it is 6 − k. Some of these mode numbers are indicated in the figure. As compared to the
vacuum with α = 0, the roots between µ−4 and µ+4 , as well as their mode numbers, are distorted strongly by the cut.(16)δD = λE
8π2
= λn
2α(1 − α)
2L
+ · · · .
Furthermore, the cyclicity constraint (3) requires
2πm = G0(0), whereas (15) gives G0(0) = 2πnα,
i.e., we have the constraint α = −m/n.
We introduce a fluctuation by placing a single root
at position µ. We assign the mode number n+ sk with
k  0 and s = ±1; the position up to 1/L corrections
is determined by
(17)1
µ
+ 2π(n + sk) + 2G0(µ) = 0.
Using (15) we find
(18)1
µ
= −2π
(
(1 − 2α)n ±
√
k2 − 4n2α(1 − α)
)
.
Note that the sign of µ in (18) is not necessarily the
same as s in (17). Let us therefore investigate the
sign s±k = s for the mode number of the Bethe root
µ±k = µ as we increase α, cf. Fig. 1. At α = 0 we
have G0(q) = 0 and therefore µ±k = −1/2π(n ± k),
i.e., s±k = ±1. When we increase α, the branch points
µ±0 of C will split up into the complex plane. Further-
more, all the fluctuations µ±k will be attracted towards
the curve C. At some value of α, the fluctuation µ+1
will cross the curve C;3 it turns out that the crossing
is always from the concave to the convex side of C.
3 Here, the density of roots near the real axis is ρ = i. It is con-
ceivable that this signals some kind of instability or phase transition
of the classical solution due to the pole in the interaction kernel. Pos-
sibly, the solution forms a condensate of roots with constant density
ρ = i, cf. [19]. In this case our (as well as the classical) analysis
does not apply when k > 0. To proceed, and in agreement with thecDuring the crossing the mode number of µ+1 changes
from n + 1 to n − 1, the same as for µ−1 . Somewhat
later both roots µ±1 will collide and branch off into the
complex plane as a conjugate pair. As we increase α
further, more and more roots µ+k will cross C and later
move into the complex plane together with µ−k . The
sign for the mode number n + s±k k of µ±k is therefore
s+k = sign(k − kc − ) where kc is the critical mode
number and s−k = −1. Note that kc = [|ρ|] is given by
the integer part of the density where C crosses the real
axis.
The Bethe root µ will contribute to the fluctuation
energy directly but it will also modify the density on
the cut. This will lead to another contribution of order
1/L2 to the energy. In order to obtain this correction
we need to solve Eq. (12)
(19)1
q ′′
+ 2πn − 2
L
1
q ′′ − µ + 2 −
∫
C
ρ(q ′) dq ′
q ′ − q ′′ = 0.
Technically we do this using the method introduced in
[15]. We integrate the equation by dq ′′ ρ(q ′′)/(q −q ′′)
to find an algebraic equation for the deformed resol-
vent G(q)
G(q)2 +
(
1
q
+ 2πn − 2
L
1
q − µ
)
G(q) − G(0)
q
(20)+ 2
L
G(µ)
q − µ = 0.
treatment on the string side, we shall assume the classical one-cut
solution to remain valid when k > 0.c
N. Beisert, L. Freyhult / Physics Letters B 622 (2005) 343–348 347Integrating (19) over dq ′′ ρ(q ′′) instead, we obtain
(21)G(0) = −2πnα + 2
L
G(µ).
By expanding (20) and approximating G(µ) by G0(µ)
in (17) we find
G′(0) = (2π)2n2α(1 − α) + 1
L
(
− 1
µ2
− 2πsk
µ
(22)+ (2π)2n(n + sk)(1 − 2α)
)
which contributes to the fluctuation energy,
e±n+sk =
δG′(0)
L
+ 1
L2µ2
= (2π)
2
L2
(
n(n + 2sk)(1 − 2α)
(23)± sk
√
k2 − 4n2α(1 − α)
)
.
Strictly speaking the above result is only valid when
k2 − 4n2α(1 − α) > 0. In the Bethe ansatz the exis-
tence of a well defined quantum state requires complex
Bethe roots to come in pairs with their complex con-
jugates. As k2 − 4n2α(1 − α) becomes negative the
added root will move into the complex plane. The con-
tribution to the energy from the conjugate pair, µ+k and
µ−k , will then be e
+
n+sk + e−n+sk = 2 Re e±n+sk . A single
root moving into the complex plane and causing an in-
stability will not correspond to a well-defined quantum
state in the spin chain picture, nevertheless this will
correspond to the instability in the dual string result.
Note that the term under the square root becomes neg-
ative when αc  12 (1 −
√
1 − 1/n2) which is always
true when the cyclicity constraint α = −m/n holds.
The formula (23) reproduces two known energies:
The fluctuation with mode number zero, i.e., µ−n , is in
the same multiplet as the classical state; we thus have
a vanishing energy shift e−n−n = 0. For mode number
n we have merely added a Bethe root to the exist-
ing cut. Therefore 12e
+
n + 12e−n = (2πn/L)2(1−2α) =
(∂E/∂α)/L = (∂E/∂K)|L. Eq. (23) also agrees with
the analytically continued result from string theory
[17]: note that unlike in our computation, the fluctu-
ation in [17] does not carry a su(2) charge. Instead of
adding a Bethe root, we have to move one from k = 0
to the desired position, i.e., we have to subtract en+0.
The remainder agrees with (C.1) in [17]. To compareto (4.18) in [17], we have to recall that a single ex-
citation is not physical due to the cyclicity constraint
(3). In a composite physical state all terms linear in k
cancel out.4
The part relevant for computing the energy shift of
the ground state is
e˜±n+sk = e±n+sk −
1
L2µ2
= δG
′(0)
L
= (2π)
2
L2
(
n2α(6 − 8α) + (sk − 2n(1 − 2α))
(24)×
(
±
√
k2 − 4n2α(1 − α) − sk
))
.
It follows from (24) with s±∞ = ±1 that
(25)e˜∞ = (2π)
2
L2
n2α(4 − 6α)
which equals e˜∞ = −2 ∂E/∂L|K . After symmetriza-
tion with respect to k 	→ −k, the 1/L correction to the
energy is
δE = (2π)
2
2L2
∞∑
k=−∞
(
2n2α(1 − α) − k2
(26)
+ |k|
{−2n(1 − 2α) for |k| kc,√
k2 − 4n2α(1 − α) for |k| > kc
)
.
This expression coincides almost with the result ob-
tained in [19] by direct computation of the energy shift
of the classical solution. The only difference is related
to the instability and the subcritical modes |k| kc, an
effect which cannot be seen in the analytical continu-
ation of [19].
In conclusion we have found that the energy shift
obtained in [19,20] from considering finite size ef-
fects and the contribution from fluctuations around a
classical solution in the gauge theory [13,14] can be
related. This gives two alternative methods for com-
puting 1/L corrections. It also shows that the spin
chain in the thermodynamic limit can be considered
a quantum mechanical system where the standard for-
mula for the first-order energy shift in 1/L applies.
A more difficult, nevertheless very interesting project
4 We thank A. Tseytlin for this explanation.
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in 1/L.
Furthermore our result makes explicit the fact that
it is enough to know the branch points of the cuts
where the Bethe roots condense, not their explicit
shape. This is expected as the dual description of the
finite size contributions are obtained considering fluc-
tuations around a classical string solution. We do not
expect to need the full knowledge of the position of
the cuts unless we examine the dual of a true quan-
tum computation in string theory. There is, however,
a slight limitation to this point of view: close to the
regime where instabilities occur we need to know the
precise position of cuts in order to find the correct
energy shifts. This point clearly requires further inves-
tigation.
It would be interesting to establish a similar rela-
tion between the energy shift and the fluctuations also
in other sectors of the theory. When we go to the com-
plete model [22,24] and include fermions, the duality
to string theory suggests that we can drop the regu-
larization terms in (13) to obtain a simplified formula
similar to (1).
Another possibility for future investigations would
be to try to relate the spectrum of fluctuation to certain
cycles on the algebraic curve of a classical solution
[22]. Similar results have been obtained in the context
of matrix models and they might apply to this system
in some form as well.
Finally, it could be interesting to study finite size
effects at higher loops [25] and for the proposed string
Bethe equations [26,27]. These should be compared to
native string theory computations and would constitute
a non-trivial test of the conjectured equations.
Acknowledgements
We thank Volodya Kazakov, Charlotte Kristjansen,
Matthias Staudacher and Arkady Tseytlin for discus-
sions. N.B. would like to thank NORDITA for hospi-
tality during work on this article. The work of N.B. is
supported in part by the US National Science Founda-
tion Grant No. PHY02-43680. Any opinions, findingsand conclusions or recommendations expressed in this
material are those of the authors and do not necessarily
reflect the views of the National Science Foundation.
References
[1] J.A. Minahan, K. Zarembo, JHEP 0303 (2003) 013, hep-
th/0212208.
[2] N. Beisert, C. Kristjansen, M. Staudacher, Nucl. Phys. B 664
(2003) 131, hep-th/0303060.
[3] N. Beisert, Phys. Rep. 405 (2005) 1, hep-th/0407277.
[4] C.G. Callan Jr., H.K. Lee, T. McLoughlin, J.H. Schwarz, I.
Swanson, X. Wu, Nucl. Phys. B 673 (2003) 3, hep-th/0307032.
[5] I. Swanson, Ph.D. Thesis, hep-th/0505028.
[6] S.S. Gubser, I.R. Klebanov, A.M. Polyakov, Nucl. Phys. B 636
(2002) 99, hep-th/0204051.
[7] S. Frolov, A.A. Tseytlin, JHEP 0206 (2002) 007, hep-
th/0204226.
[8] A.A. Tseytlin, hep-th/0311139.
[9] N. Beisert, C. R. Physique 5 (2004) 1039, hep-th/0409147.
[10] A.A. Tseytlin, hep-th/0409296.
[11] K. Zarembo, C. R. Physique 5 (2004) 1081, hep-th/0411191.
[12] S. Frolov, A.A. Tseytlin, JHEP 0307 (2003) 016, hep-
th/0306130.
[13] N. Beisert, J.A. Minahan, M. Staudacher, K. Zarembo,
JHEP 0309 (2003) 010, hep-th/0306139.
[14] L. Freyhult, JHEP 0406 (2004) 010, hep-th/0405167.
[15] M. Lübcke, K. Zarembo, JHEP 0405 (2004) 049, hep-
th/0405055.
[16] S.A. Frolov, I.Y. Park, A.A. Tseytlin, Phys. Rev. D 71 (2005)
026006, hep-th/0408187.
[17] I.Y. Park, A. Tirziu, A.A. Tseytlin, JHEP 0503 (2005) 013, hep-
th/0501203.
[18] L. Freyhult, C. Kristjansen, JHEP 0505 (2005) 043, hep-
th/0502122.
[19] N. Beisert, A.A. Tseytlin, K. Zarembo, Nucl. Phys. B 715
(2005) 190, hep-th/0502173.
[20] R. Hernández, E. López, A. Periáñez, G. Sierra, hep-
th/0502188.
[21] B. Sutherland, Phys. Rev. Lett. 74 (1995) 816.
[22] N. Beisert, V.A. Kazakov, K. Sakai, K. Zarembo, JHEP 0507
(2005) 030, hep-th/0503200.
[23] V.A. Kazakov, A. Marshakov, J.A. Minahan, K. Zarembo,
JHEP 0405 (2004) 024, hep-th/0402207.
[24] N. Beisert, M. Staudacher, Nucl. Phys. B 670 (2003) 439, hep-
th/0307042.
[25] N. Beisert, M. Staudacher, hep-th/0504190, Nucl. Phys. B., in
press.
[26] G. Arutyunov, S. Frolov, M. Staudacher, JHEP 0410 (2004)
016, hep-th/0406256.
[27] N. Beisert, Fortschr. Phys. 53 (2005) 852, hep-th/0409054.
